The network topology can be described by the number of nodes and the interconnections among them. The degree of a node in a network is the number of connections it has to other nodes and the degree distribution is the probability distribution of these degrees over the whole network. Therefore, the degree is very important structural parameter of network topology. However, given the number of nodes and the degree of each node in a network, the topology of the network cannot be determined. Therefore, we propose the degree-layer theory of network topology to describe deeply the network topology. First, we propose the concept of degree-tree with the breadth-first search tree. The degrees of all nodes are layered and have a hierarchical structure. Second,the degree-layer theory is described in detail. Two new concepts are defined in the theory. An index is proposed to quantitatively distinguish the two network topologies. It also can quantitatively measure the stability of network topology built by a model mechanism. One theorem is given and proved, furthermore, and one corollary is derived directly from the theorem. Third, the applications of the degree-layer theory are discussed in the ER random network, WS small world network and BA scale-free network, and the influences of the degree distribution on the stability of network topology are studied in the three networks. In conclusion, the degreelayer theory is helpful for accurately describing the network topology, and provides a new starting point for researching the similarity and isomorphism between two network topologies.
The objective of this article is to propose the degree-layer theory of network topology to describe deeply the network topology. First, The degree-layer theory is described in detail. Two special concepts are defined in the theory. A index is proposed to quantitatively measure the similarity of n-layer degrees between two network topologies and quantitatively distinguish the two network topologies. It also can quantitatively measure the stability of network topology built by a model mechanism. One theorem is given and proved. Furthermore, one corollary is derived directly from the theorem. Second, the applications of the degree-layer theory are researched in the ER random network, WS small world network and BA scale-free network. The similarity of one-layer degrees and the similarity of two-layer degrees are discussed in the three networks. In addition, the influences of the degree distribution on the similarity of n-layer degrees are discussed in the ER random network, WS small world network and BA scale-free network. Third, conclusions are given. The last part is our acknowledgments, and a number of references are provided at the end of the article.
Degree-layer theory of network topology
In a connected network, a node of the network topology can be taken as a root, signed i. Starting from the root, a breadth-first search degree tree can be built, signed T i . The T i is a multi-layer structure and contains all nodes of the network topology, but it does not contain the degree of each node. We make a special provision that the degree of each node is also contained in the breadth-first search tree, and the breadth-first search degree-tree with degrees of all nodes is named degree-tree, signed D i . Therefore, the degrees of all nodes are layered with the breadth-first search tree and have a hierarchical structure. The degree trees of all nodes can be composed to a forest, signed F = {D i , i = 1, ..., M}, where M is the total number of all nodes in the network topology. The forest F can characterize the network topology.
Two concepts of the degree-layer theory are defined as follows:
The previous n layers of the D i is named n-layer degree of the For one-layer degree that n = 1,
is the general degree of node i and F 1 is a set of all general degrees for all nodes. General degree is a special case in the degree-layer theory. Because K n i is the previous n layers of the D i , the n-layer degrees of all degree trees can be composed to a set, signed
F n can characterize the topology of the network, and the larger the n is, the better the characterization of the F n is. There are two F n 1 , F n 2 , which are built from two network topologies G 1 , G 2 , respectively. According to the concept of the identical n-layer degree, A index is defined to quantitatively measure the similarity of n-layer degrees between F n 1 and F n 2 as follows:
where S n is the similarity of n-layer degrees between F n 1 and F n 2 , and α n is the pairs of identical n-layer degrees between F n 1 and F n 2 . Once a n-layer degree is paired, it cannot be paired again. M, N are the total number of all nodes in the two network topologies G 1 , G 2 , respectively. The S n can also be used to quantitatively distinguish the topologies of the two network G 1 , G 2 , and the larger the n is, the better the distinguishability of S n is. The schematic illustration of the degree-layer theory is in Fig.1 . One theorem of the degree-layer theory is stated as follows:
Proof. For ∀G 1 , G 2 , S n−1 and S n can be written as:
where α n−1 is the pairs of identical (n − 1)-layer degrees between G n 1 and G n 2 , and α n is the pairs of identical n-layer degrees between G n 1 and G n 2 . The two definitions of n-layer degree and identical n-layer degree imply that:
The third-layer degree
The seond-layer degree then we get
One corollary of the theorem is stated as follows:
Proof. If S n = 1, we invoke the result of Theorem 1 that
The application of the degree-layer theory
The degree-layer theory of network topology have been described above in detail. In order to show the superiority of the degree-layer theory in describing the network topology, we will study the application of the degree-layer theory in the ER random network, WS small world network and BA scale-free network. In papers [7] [8] [9] , the three generation mechanisms of the WS small world network, ER random network and BA scale-free network are displayed in detail. The Monte Carlo methods is used in the three generation mechanisms. Therefore, even if the parameters are constant, each mechanism can built a lot of network topologies which are different among them. According to the degree-layer theory, we specially calculate the S 1 and S 2 to quantitatively distinguish the different network topologies built by the same model mechanism. Fig.2 shows the comparisons between the S 1 and the S 2 in the WS small world network ,ER random network and BA scalefree network. In the three sub-figures, for ∀N, S 1 ≥ S 2 verifies the Theorem 1. S 1 more quickly reaches a stable value than In the WS network, the average degree is 2 and the probability of rewiring each edge at random is 0.5. In the ER random network, the probability of connecting any two nodes is 2/N. In the BA scale-free network, starting with a globally coupled network of three nodes, we add a new node with 1 edge.
S
2 . When N > 20, S 1 → 1 means the one-layer degrees between the two network topologies are almost identical, and S 1 can not distinguish the two network topologies well. However, When N = 20, S 2 < 0.5 means the the two-layer degrees between the two network topologies are much different, and the S 2 can distinguish the two topologies well. When N = 20000, S 2 → 1, this means that the two-layer degrees between the two network topologies are almost identical, and the S 2 can not also distinguish the two network topologies well. In this case, we need to calculate the S 3 to better distinguish the two networks topologies. Therefore, in the degree-layer theory, F n can characterize the topology of a network, and the larger the n is, the better the characterization of F n is; S n can quantitatively distinguish two network topologies, and the larger the n is, the better the distinguishability of S n is. Fig.3 shows the comparisons among the S 1 and the comparisons among the S 2 in the ER random network, WS small world network and BA scale-free network. Fig.3(a) shows the comparisons among the S 1 and Fig.3(b) shows the comparisons among the S 2 . In Fig.3(a) , when N > 1000, the four curves of WS0.5, WS1, ER and BA networks approximately tend to WS0 that S 1 = 1. Therefore, S 1 can not distinguish each network topology well. In Fig.3(b) , the four curves of WS0.5, WS1, ER and BA networks very slowly tend to be a stable value, and S 2 can distinguish the each network topology well. We easily find that
The inequalities show that the network topology in the WS0 small world network is the most stable and that the network topology in the ER random network or BA scale-free network or is the most unstable. Therefore, S n can quantitatively measure the stability of network topology built by a model mechanism, and the larger the n, the better the measurement of S n is. The larger the S n is, the more stable the network topology built by the model mechanism is. When N > 10000, the values of S 2 in WS0.5, WS1, ER and BA networks tend to be stable, and this shows that the network topology built by each model mechanism has been stable in the two-layer degrees. Therefore, if we want to get a stable network topology built by a model mechanism, we need to let the network scale be large enough. That is to say, the larger the network scale built by a model mechanism is, the more stable the network topology is. Fig.4 shows the influences of the degree distribution on the S 1 and S 2 in the ER random network, WS small world network and BA scale-free network. Fig.4(a), (b) and (c) represent the corresponding results of the ER random network, WS small world network and BA scale-free network, respectively. In Fig.4(a) , we can find that when P = 0.5, the S 1 is the minimum, implying the network topology is the most unstable. The reasons are the following. The degree distribution of the ER random network follows a binomial distribution. The average degree and the variance of degree distribution in the ER random network can be written as:k
Given the network scale N of the ER random network, when p = 0.5, the σ 2 k is the maximum. It implies that the degree distribution width of the ER network is the largest (see Fig.2 (a) in [17] ) and the pairs of the identical one-layer degrees between The range of N is from 10 to 20000. In the two sub-figures, the black solid line represents the results of the WS small network in which the average degree is 2 and the probability of rewiring each edge at random is 0, signed WS0; the red dashed line represents the results of the WS small network in which the average degree is 2 and the probability of rewiring each edge at random is 0.5, signed WS0.5; the blue dot line represents the results of the WS small network in which the average degree is 2 and the probability of rewiring each edge at random is 1, signed WS1; the olive dash-dot line represents the results of the ER random network in which the probability of connection between any two nodes is 2/(N − 1), signed ER; the magenta dash-dot-dot line represents the results of the BA scale-free network in which starting in a globally coupled network with three nodes, we add a new node with 1 edge, signed BA The influences of the degree distribution on the S 1 and S 2 in the ER random network, WS small world network and BA scale-free network. (a), (b) and (c) represent the corresponding results of ER random network, WS small world network and BA scale-free network, respectively. In the three sub-figures, the scale of the network is that N = 100. In the ER random network, p is the probability of the connection between any two nodes, p ∈ (0, 1). In the WS small world network, p is the probability of rewiring each edge, p ∈ [0, 1]. In the BA scale-free network, starting with a globally coupled network of m 0 nodes, at every time step we add a new node with m edges, m ∈ [1, 10] , m 0 = 2m + 1. two network topologies built by the ER model are minimal in the case of p = 0.5. Therefore, S 1 is the minimum in the case of p = 0.5, and the larger the degree distribution width is, the smaller the S 1 is. In Fig.4(b) , we can find that the larger the probability of rewiring each edge, the smaller of the S 2 is. The reason is that the larger the probability of rewiring each edge is, the larger the degree distribution width of the WS network is(see Fig.2 (b) in [17] ). The larger the degree distribution width is, the smaller the S 2 also is. In Fig.4(c) , we can find the larger the m is, the smaller the S 1 is. The reason is that the larger the m is, the larger the degree distribution width of the BA network is(see Fig.4 (a) in [17] ). Therefore, the degree distribution plays an important role in the stability of the network topology built by a model mechanism, and the larger the degree distribution width is, the more unstable the network topology is.
Conclusion
In this paper, we proposed a degree-layer theory to describe deeply network topology. On the one hand, The degree-layer theory is shown in detail. The degrees of all nodes are layered with the breadth-first search tree. Two concepts are defined in the theory. A index is proposed to quantitatively measure the similarity of n-layer degrees between two network topologies. One theorem is given and proved. Furthermore, one corollary is derived directly from the theorem. On the other hand, the applications of the degree-layer theory are researched. First, we discussed the comparison between the similarity of one-layer degrees and similarity of two-layer degrees in the ER random network, WS small world network and BA scale-free network, and the results verify the Theorem 1. S 2 can better quantitatively distinguish network topology than S 1 . The larger the n is, the better the distinguishability of S n is. Second, we discussed the comparisons among the one-layer degrees and the comparisons among the two-layer degrees in the ER random network, WS small world network and BA scale-free network. The S n can quantitatively measure the stability of network topology built by a model mechanism, and the larger the n, the better the measurement of the S n is. The larger the S n is, the more stable the network topology built by the model mechanism is. In addition, the larger the network scale built by a model mechanism is, the more stable the network topology is. Finally, the influences of the degree distribution on the S 1 and S 2 are discussed in the ER random network, WS small world network and BA scale-free network. The larger the degree distribution width is, the more unstable the network topology is. In conclusion, the degree-layer theory is helpful for describing deeply the network topology, and provides a new starting point for researching the similarity and isomorphism between two network topologies.
